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In this report a detailed derivation of the dynamical equations for an n–
dimensional heterotic string theory of the Horowitz type is carried out in the string
frame and in the Einstein frame too. In particular, the dynamical equations of the
three dimensional string theory are explicitly given. The relation of the Horowitz–
Welch and Horne–Horowitz string black hole solution is exhibited. The Chan–Mann
charged dilaton solution is derived and the subclass of string solutions field is explic-
itly identified. The stationary generalization, via SL(2, R) transformations, of the
static (2+1) Horne–Horowitz string black hole solution is given.
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2I. n–DIMENSIONAL HETEROTIC STRING DYNAMICAL EQUATIONS
Following Horowitz [1], in this contribution we reproduce the field equations “for a part
of the low energy action” to a n–dimensional heterotic string theory described by a metric
gµν , a scalar field Φ, a Maxwell field Fµν , and a three–form Hµνλ. The three–form H is
related to the two–form potential B and a gauge field Aµ through H = dB − aA ∧ dF ,
where a is a constant to be adjusted at the end for final results. In this text to denote
the number of dimensions is used n instead of D. Moreover Λ is reserved for the standard
cosmological constant, whereas ΛH , and ΛCM = −Λ, denote the Λ′s used by Horowitz [1]
and Chan and Mann [5] respectively.
A. String frame
The corresponding heterotic string action for dimension n, S =
∫
dnxL, is given by
S =
∫
dnx
√−ge−2Φ
[
R− 2Λ + U(Φ) + 4(∇Φ)2 − F 2 − 1
12
H2
]
. (1.1)
Variations with respect to the metric give:
δ
√−g
δgµν
= −1
2
√−ggµν , (1.2a)
δ
√−gR
δgµν
=
δ
√−ggαβRαβ
δgµν
=
√−g(Rµν − 1
2
gµνR) +
√−ggαβ δRαβ
δgµν
=
√−g Gµν +
√−ggαβ δRαβ
δgµν
, (1.2b)
δ
δgµν
√−g(∇Φ)2 = δ
δgµν
√−ggαβ∇αΦ∇β Φ =
√−g(∇µΦ∇νΦ− 1
2
gµν(∇Φ)2), (1.2c)
δ
δgµν
√−g F 2 = δ
δgµν
√−ggαλgβρFαβFλρ = 2
√−g(gβρFµβFνρ − 1
4
gµνF
2), (1.2d)
δ
δgµν
√−gH2 = δ
δgµν
(√−ggασgβρgγλHαβγHσρλ) = 3√−g(HµαβHναβ − 1
6
gµν H
2). (1.2e)
As far as to the term
√−ggαβδRαβ in Eq. (1.2b) is concerned, it is easy to establish its
proportionality to a divergence, vµ;µ: in standard textbooks one find the variation of the
Riemann tensor in terms of the variation of the Christoffel symbols
δRλµκν = (δΓ
λ
µν);κ − (δΓλµκ);ν (1.3)
3then, since Rµν = R
κ
µκν , one has
gµνδRµν = (g
µλδΓνµλ);ν − (gµνδΓλµλ);ν = (gµλδΓνµλ − gµνδΓλµλ);ν =: v ν ;ν =
=
1√−g
[√−g (gµλδΓνµλ − gµνδΓλµλ)],ν . (1.4)
This term, taking into account the multiplicative factor exp (−2Φ), will give rise in the
Einstein’s equation to second order derivatives of Φ due first to the covariant derivative
acting on δΓ when forming a new divergence, and second to the covariant derivative acting
on variations of the metric δg for δΓ expressed in terms of δg according to 1,
δΓµαβ =
1
2
gµν (∇αδgνβ +∇βδgαν −∇νδgαβ) , (1.5)
which implies
v ν = gνµgαβ (∇αδgµβ −∇µδgαβ) = [δgαβ(gναgµβ − gνµgαβ)];µ, (1.6)
therefore,
e−2Φ
√−ggµνδRµν = e−2Φ
√−gv ν ;ν
= e−2Φ
(√−gv ν)
,ν
=
(
e−2Φ
√−gv ν)
,ν
+ 2Φ,νe
−2Φ√−gv ν , (1.7)
consequently
2Φ,ν e
−2Φ
√−g v ν = 2√−g [e−2ΦΦ,νδgαβ (gναgµβ − gνµgαβ)];µ
−2 (e−2ΦΦ,ν);µ√−ggναgµβδgαβ + 2 (e−2ΦΦ,ν);µ√−ggνµgαβδgαβ
= 2
√−gDiv + 2√−g
[(
e−2ΦΦ,ν
)
;µ
− gµνgαβ
(
e−2ΦΦ,α
)
;β
]
δgµν , (1.8)
where it has been used δgµν = −gµαgνβδgαβ. Gathering all the divergence terms, by applying
the Stokes theorem, the integral of the total derivative terms becomes an integral over the
boundary; imposing conditions on the variations δgαν and on the covariant derivatives of
these variations, ∇µδgαν , one can avoid the contributions of the boundary terms. On this
respect see Wald [9], Appendix E, and also Ort´ın [10], Part I, Chapter 4. The second term
in the last line of Eq.(1.8) contributes to Einstein equations. Therefore δL
δgµν
= 0 gives rise
to Einstein equations in the form
Gµν +
1
2
(2Λ− U(Φ)) gµν + 2Φ,ν;µ − 2gµνgαβΦ,α;β + 2 gµνgαβ Φ,αΦ,β
−2
(
gβρFµβFνρ − 1
4
gµνF
2
)
− 1
4
(
HµαβHν
αβ − 1
6
gµν H
2
)
= 0. (1.9)
1 Acting with the variation operation δ on the metric tensor and its derivatives in the expression Γµαβ ,
taking into account the commutativity of δ and partial derivatives ∂,i, and g
µνδgσν = −δgµνgσν , one has
Γµαβ =
1
2
gµν [gνβ,α + gαν,β − gαβ,ν] = 1
2
gµν [αβ, ν] , [αβ, ν] = 2gµνΓ
µ
αβ ,
δΓµαβ =
1
2
δgµν [αβ, ν] +
1
2
gµνδ [αβ, ν] = δgµνgσνΓ
σ
αβ +
1
2
gµνδ [αβ, ν]
= −gµνδgσνΓσαβ +
1
2
gµν [(δgνβ),α + (δgαν),β − (δgαβ),ν ] = δΓµαβ(1.5).
4The variation with respect to the scalar field Φ, δL
δΦ
= ( ∂
∂Φ
− ∂
∂xα
∂
∂Φ,α
)L, considering that
∂
∂xα
(
e−2Φ
√−g ∂
∂Φ,α
(gµνΦ,µΦ,ν)
)
= 2
∂
∂xα
(
e−2Φ
√−g gανΦ,ν
)
= 2e−2Φ
(
−2√−g Φ,α gανΦ,ν + ∂
∂xα
(
√−g gανΦ,ν)
)
= −4e−2Φ√−gΦ,α gανΦ,ν + 2e−2Φ
√−g(gανΦ;ν);α,
yields the dynamical equation
4gανΦ;ν;α − 4gµνΦ,µΦ,ν +R− 2Λ− F 2 − 1
12
H2 + U(Φ)− 1
2
dU
dΦ
= 0. (1.10)
The field equation for Bµν arises from the variation of H
2, where
Hµνλ = 3B[µν,λ] − aA[µ Fνλ] → ∂Hαβγ
Bµν,σ
= 3 δµ[αδ
ν
βδ
σ
γ],
consequently
∂
∂Bµν,σ
H2 =
∂Hαβγ
∂Bµν,σ
∂
∂Hαβγ
gτσgκρgλξHτκξHσρλ = 2
∂Hαβγ
Bµν,σ
Hαβγ = 3!Hµνσ (1.11)
therefore, for δ
δBµν
L = ( ∂
∂Bµν
− ∂
∂xσ
∂
∂Bµν,σ
)L, one gets
δ
δBµν
√−ge−2ΦH2 = −3! ∂
∂xσ
(√−ge−2ΦHµνσ)→∇σ(e−2ΦHµνσ) = 0. (1.12)
Finally, the electromagnetic Maxwell equations are derived for Aα related with the electro-
magnetic field through Fµν = Fµν(Aα) = Aν,µ − Aµ,ν = 2∂[µAν],
δ
δAǫ
L = −( ∂
∂Aǫ
− ∂
∂xσ
∂
∂Aǫ,σ
)[
√−ge−2Φ(F 2 + 1
12
H2)] = − 1
12
√−ge−2Φ∂Hαβγ
∂Aǫ
∂
∂Hαβγ
H2
+
∂
∂xσ
(
√−ge−2Φ ∂Fαβ
∂Aǫ,σ
∂
∂Fαβ
F 2) +
1
12
∂
∂xσ
(
√−ge−2Φ∂Hαβγ
∂Aǫ,σ
∂
∂Hαβγ
H2) (1.13)
taking into account that
∂
∂Fαβ
F 2 = 2F αβ,
∂Fαβ
∂Aǫ,λ
= −2δǫ[αδλβ],
∂
∂Hαβγ
H2 = 2Hαβγ
(1.14)
together with
∂
∂Aǫ
Hµνλ = −aδǫ[µ Fνλ]
∂
∂Aǫ,σ
Hαβγ = −a ∂
∂Aǫ,σ
A[α Fβγ] = 2 a (A[α δ
ǫ
βδ
σ
γ])
5one has for δL
δAǫ
the expression
δL
δAǫ
= −4 ∂
∂xλ
(
√−g e−2ΦF ǫλ) + a1
6
√−ge−2ΦFνλHǫνλ
+a
1
3
∂
∂xσ
(
A[α δ
ǫ
βδ
σ
γ]
√−ge−2ΦHαβγ)
= 4
√−g (e−2ΦF λǫ)
;λ
+ a
1
3
√−ge−2ΦFνλHǫνλ = 0, (1.15)
where the equation (1.12) has been used.
Summarizing, the field dynamical equations are
Gµν −1
2
gµν (−2Λ + U) + 2∇µ∇νΦ− 2gµν∇2Φ + 2gµν(∇Φ)2
−2 (FµαFνβgαβ − 1
4
gµνF
2)− 1
4
(HµαβHν
αβ − 1
6
gµνH
2) = 0, (1.16a)
4∇2Φ− 4(∇Φ)2 +R− 2Λ− F 2 − 1
6
H2 + U(Φ)− 1
2
dU
dΦ
= 0, (1.16b)
∇σ(e−2ΦHµνσ) = 0, (1.16c)
∇λ
(
e−2ΦF λǫ
)
+ a
1
12
e−2ΦFνλH
ǫνλ = 0. (1.16d)
The last equation differs in sign from the corresponding Horowitz’s equation (2.10b).
By constructing (1.16a) one evaluates R,
R =
2
n− 2
(
nΛ− n
2
U − 2(n− 1)∇2Φ + 2n(∇Φ)2 + n− 4
2
F 2 +
n− 6
24
H2
)
, (1.17)
which replaced again into (1.16a) and (1.16b) allows one to rewrite the set of dynamical
equations as
Rµν = −2∇µ∇νΦ + 2FµαFνβgαβ + 1
4
HµαβHν
αβ
+
2
n− 2gµν
(
Λ− 1
2
U −∇2Φ + 2(∇Φ)2 − 1
2
F 2 − 1
12
H2
)
, (1.18a)
2∇2Φ− 4(∇Φ)2 − 2Λ + F 2 + 1
6
H2 + U +
n− 2
4
dU
dΦ
= 0, (1.18b)
∇σ(e−2ΦHµνσ) = 0, (1.18c)
∇λ
(
e−2ΦF λǫ
)
+ a
1
12
e−2ΦFνλH
ǫνλ = 0. (1.18d)
6B. Einstein frame
On the other hand, to pass to the Einstein frame description of this low energy string
theory, one accomplishes a conformal transformation of the form
g˜µν = e
2σgµν , g˜
µν = e−2σgµν → g˜ = e2nσg, dim = n, (1.19)
which transforms the action S (1.1), considered as the barred one, taking into account that
F˜ 2 = g˜µαg˜νβFµνFαβ = e
−4σgµαgνβFµνFαβ = e
−4σF 2, and H˜2 = e−6σH2, to the form
S =
∫
dnx
√−ge(nσ−2 σ−2Φ)
[
e2σR˜ + e2 σ(−2Λ + U) + 4(∇Φ)2 − e−2σF 2 − 1
12
e−4σH2
]
.
(1.20)
Thus, one may use the conformal transformed curvature scalar
e2 σR˜ = R− 2(n− 1)gµν∇ν∇µσ − (n− 1)(n− 2)gµν∇µσ∇νσ, (1.21)
and chose
nσ − 2 σ − 2Φ = 0→ σ = 2
n− 2Φ, Φ =
n− 2
2
σ. (1.22)
Substituting these relations in the action above (1.20), one arrives at
S =
∫
dnx
√−g
[
R− 4
n− 2(∇Φ)
2 − 2e4Φ/(n−2)Λ + V (Φ)
−e−4Φ/(n−2)F 2 − 1
12
e−8Φ/(n−2)H2
]
, (1.23)
where it has been dropped from this action the divergence
−2(n− 1)√−ggµν∇ν∇µσ = −2(n− 1)(
√−gσ,ν),ν ,
and denoted
e2σU(Φ) = V (Φ).
The extremum of S is achieved along the dynamical equations:
Gµν = −gµν e4Φ/(n−2)Λ + 1
2
gµν V (Φ) +
4
n− 2
(
∇µΦ∇νΦ− 1
2
gµν∇αΦ∇αΦ
)
+2 e−4Φ/(n−2)(FµσFν
σ − 1
4
gµνF
2)− 1
4
e−8Φ/(n−2)(HµαβHν
αβ − 1
6
gµνH
2), (1.24a)
8∇ν∇νΦ− 8Λe4Φ/(n−2) + 4 e−4Φ/(n−2) F 2 + 2
3
e−8Φ/(n−2)H2 +
n− 2
2
d V
dΦ
= 0, (1.24b)
∇σ
(
e−8Φ/(n−2)Hαβσ
)
= 0, (1.24c)
7∇λ
(
e−4Φ/(n−2)F λǫ
)
+
a
12
e−8Φ/(n−2)FαβH
αβǫ = 0, (1.24d)
Replacing in (1.24a) the scalar curvature R,
R =
4
n− 2(∇Φ)
2+
n− 4
n− 2 e
−4Φ/(n−2)F 2+
1
12
n− 6
n− 2 e
−8Φ/(n−2)H2− n
n− 2 (−2Λ e
4Φ/(n−2)+V ),
one rewrites (1.24a) as
Rµν =
2Λ
n− 2 gµν e
4Φ/(n−2) +
4
n− 2 ∇µΦ∇νΦ+ e
−4Φ/(n−2)
(
2FµσFν
σ − 1
n− 2gµν F
2
)
+
1
4
e−8Φ/(n−2)
(
2HµαβHν
αβ − 2
3
1
n− 2gµν H
2
)
− 1
n− 2gµν V (Φ). (1.25)
II. DYNAMICAL EQUATIONS IN 2 + 1 STRING GRAVITY
In the three dimensional case, the above Einstein action (1.23) reduces to
S =
∫
d3x
√−g
[
R− 2e4ΦΛ− 4(∇Φ)2 − e−4ΦF 2 − 1
12
e−8ΦH2 + V (φ)
]
,
(2.1)
and the Einstein frame dynamical equations (1.24) become
Rµν = 2Λ gµν e
4Φ + 4∇µΦ∇νΦ+ e−4Φ
(
2FµσFν
σ − gµν F 2
)
+
1
2
e−8Φ
(
HµαβHν
αβ − 1
3
gµν H
2
)
− gµν V (Φ). (2.2a)
8∇2Φ− 8Λe4Φ + 4 e−4Φ F 2 + 2
3
e−8ΦH2 +
1
2
d V
dΦ
= 0, (2.2b)
∇σ
(
e−8ΦHαβσ
)
= 0, (2.2c)
∇λ
(
e−4ΦF λǫ
)
+
a
12
e−8ΦFαβH
αβǫ = 0, (2.2d)
One can recover the string dynamical equations by using the conformal inverse relations,
see [8],
σ,i;j = σ˜,i;j + 2σ,iσ,j − g˜ij(∇˜σ)2, e−2σσ˜,k;k = σ,k ;k − (n− 2)(∇˜σ)2,
W
Rij =
W˜
Rij + g˜ijσ˜
,k
;k + (n− 2)
(
σ˜,i;j + σ,iσ,j − g˜ij(∇˜σ)2
)
,
e−2σ
W
R =
W˜
R + 2(n− 1)σ˜,k;k − (n− 1)(n− 2)(∇˜σ)2, (2.3)
8where tilde is used to denote that covariant differentials are constructed with Γ˜’s or con-
travariant tensor components are build with g˜µν . For σ = 2Φ and n = 3 one gets
Φ,µ;ν = Φ˜,µ;ν + 4Φ,µΦ,ν − 2g˜µν(∇˜Φ)2,
Φ;α;α = e
4Φ
(
Φ˜ ;α;α − 2(∇˜Φ)2
)
,
Rµν = R˜µν + 2Φ˜,µ;ν + 2g˜µνΦ˜
;α
;α + 4Φ,µΦ,ν − 4g˜µν(∇˜Φ)2,
R = e4Φ
(
R˜ + 8 Φ˜;α;α − 8 (∇˜Φ)2
)
, (2.4)
and conformally transforming the above dynamical equations (2.2), using relations (2.4),
one gets the barred dynamical equations of the 2 + 1 string theory under consideration
S =
∫
d3x
√
−g˜e−2Φ
[
R˜− 2Λ + 4(∇˜Φ)2 − F˜ 2 − 1
12
H˜2 + U(φ)
]
,
(2.5a)
R˜µν + 2∇µ∇νΦ− 2FµαFνβ g˜αβ − 1
4
HµαβHνγλg˜
γαg˜λβ
+g˜µν
(
−2Λ + U + F˜ 2 + H˜
2
6
+ 2∇˜2Φ− 4(∇˜Φ)2
)
= 0, (2.5b)
2∇˜2Φ− 4(∇˜Φ)2 + F˜ 2 − 2Λ + 1
6
H˜2 + U(Φ) +
1
4
dU
dΦ
= 0, (2.5c)
∇˜σ(e−2ΦH˜µνσ) = 0, (2.5d)
∇˜λ
(
e−2ΦF˜ λǫ
)
+ a
1
12
e−2ΦF˜νλ H˜
ǫνλ = 0. (2.5e)
III. HORNE-HOROWITZ BLACK STRING
In 1991, Horne and Horowitz published an exact string black hole solution in three di-
mensions [2] for the full string theory of Sec. I, endowed with mass, axion charge per unit
length, the asymptotic value of the dilaton, and a cosmological constant. This string solution
is given by
S
g = −(1− M
r
)dt2 + (1− Q
2
M r
)dx2 + (1− M
r
)−1(1− Q
2
M r
)−1
k dr2
8r2
,
Hrtx =
Q
r2
, φ = ln r +
1
2
ln
k
2
. (3.1)
The identification of the functions appearing in the action (1.1) and equations (1.16) with
the ones of [2] corresponds to φ = −2Φ, and 8
k
= −2Λ = 4
l2
, k = 2 l2, where l has dimension
of length.
9Accomplishing in the above–mentioned metric a conformal transformation
E
gµν =
e−2σ
S
gµν =
k r2
2
S
gµν , where superscripts E and S stand for Einstein and String respectively,
one arrives at the corresponding solution in the Einstein frame, namely
E
g = −k r
2
2
(1− M
r
)dt2 +
k r2
2
(1− Q
2
M r
)dx2 + (1− M
r
)−1(1− Q
2
M r
)−1
k2 dr2
16
,
Hrtx =
Q
r2
, Φ = −1
2
ln r − 1
4
ln
k
2
, (3.2)
fulfilling the dynamical equations (1.24) for dimension n = 3.
By accomplishing a SL(2, R) transformation of the Killing coordinates
t = α T + β φ, ∆ := αδ − βγ.
x = γ T + δ φ, (3.3)
one arrives at a stationary HH–string solution
E
g = −k r
2
2
[
(1− M
r
)α2 − (1− Q
2
M r
)γ2
]
dT 2 + k r2
[
(1− Q
2
M r
)γδ − (1− M
r
)αβ
]
dT dφ
+
k r2
2
[
(1− Q
2
M r
)δ2 − (1− M
r
)β2
]
dφ2 + (1− M
r
)−1(1− Q
2
M r
)−1
k2 dr2
16
,
Hrtx =
Q
r2
, Φ = −1
2
ln r − 1
4
ln
k
2
,
8
k
= −2Λ == 4
l2
. (3.4)
In the literature one frequently encounters the SL(2, R) transformation
t =
T√
1− ω2
l2
− ω φ√
1− ω2
l2
, x = −ω
l2
T√
1− ω2
l2
+
φ√
1− ω2
l2
, (3.5)
which yields
g = − (r −M) (rM −Q
2) rk (l2 − ω2)
2 l2 (−ω2rM + ω2M2 + rM −Q2)dT
2 + (1− M
r
)−1(1− Q
2
M r
)−1
k2 dr2
16
+
l2kr (−ω2rM + ω2M2 + rM −Q2)
2M (l2 − ω2)
(
dφ− ω (−l
2Mr + l2M2 + rM −Q2)
l2 (−ω2rM + ω2M2 + rM −Q2)dT
)2
,
Hrtx =
Q
r2
, Φ = −1
2
ln r − 1
4
ln
k
2
. (3.6)
The evaluation of the quasilocal mass, energy and momentum is done using the Brown–York
approach [3], this yields
J(r →∞) = 2ω l2 (M
2 −Q2)
(l2 − ω2)M , (3.7a)
ǫ(r →∞) = −1/2 1
rπ l2
− 1/4 (M − ωQ) (M + ωQ)
Ml2π (ω − 1) (ω + 1) r2 − ǫ0, (3.7b)
10
E(r →∞) = 2
√
1− ω2√
l2 − ω2 − 2πK(r)ǫ0, (3.7c)
MBY (r →∞) = 4r + 4 l (−2r2 +M0l2), (3.7d)
ǫ0 = − 1
π l
+
1
2
M0 l
π r2
, (3.7e)
ω is interpreted as a rotating parameter, the mass function increases as the radial coordinate
approach spatial infinity. Moreover various pathologies take place at this location.
IV. HOROWITZ–WELCH BLACK STRING
In 1993, Horowitz and Welch published an exact string black hole solution in three di-
mensions [6] for the low energy string theory
S =
∫
d 3x
√−ge−2Φ
[
R− 2Λ + 4(∇Φ)2 − 1
12
H2
]
, Λ = −2/kHW , (4.1)
of Sec. I, endowed with mass, angular momentum, axion charge per unit length, and a
negative cosmological constant. This string solution is given by a modified BTZ black hole
to a 2 + 1 string theory with vanishing scalar Φ and electromagnetic Fαβ fields; in this last
case the field equations (2.5) become
Rµν − 1
4
HµαβHν
αβ = 0, (4.2a)
− 2Λ + 1
6
H2 = 0, (4.2b)
∇σ(Hµνσ) = 0. (4.2c)
The totally anti–symmetric tensor Hµνα has to be proportional to the volume three form
ǫµνα, because of the equation (4.2c), the proportionality factor ought to be a constant, hence
one may chose
Hµνσ = α
1
l
ǫµνσ. (4.3)
Taking into account the properties of ǫ
ǫανσǫ
βνσ = −2δβα, (4.4)
therefore
HανσH
βνσ = −2α
2
l2
δβα, H
2 = −6α
2
l2
. (4.5)
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Consequently, from (4.6) one has
Rµν − 1
4
HµαβHν
αβ = 0→ Rµν = − 2
l2
gµν , α = 2 (4.6)
− 2Λ + 1
6
H2 = 0→ Λ = −α
2
2l2
= − 2
l2
, kHW = l
2 (4.7)
On the other hand, H = dB, thus
Hαβγ = 3B[αβ,γ] =
2
l
ǫαβγ . (4.8)
As concluded in [6]: “Thus every solution to three dimensional general relativity with
negative cosmological constant is a solution to low energy string theory with: Φ = 0,
Hαβγ =
2
l
ǫαβγ , and Λ = − 2l2 .”
In particular in [6] is established that the BTZ black hole metric
g = −(r
2
l2
−M)dt2 − J dt dφ+ r2dφ2 + (r
2
l2
−M + J
2
4l2
)−1dr2, (4.9)
in the presence of an anti–symmetric B field
Bφ t =
r2
l
, H = dB, (4.10)
is a solution of the string theory with a zero scalar field Φ.
By a target space duality transformation (13) of [6], which referred to [7], which means that
from a given solution (gµν , Bµν , Φ) independent on one variable, say x, one generates a new
solution (g˜µν , B˜µν , Φ˜) with
g˜xx =
1
gxx
, g˜xα =
Bxα
gxx
,
g˜αβ = gαβ − 1
gxx
(gxα gxβ −BxαBxβ),
B˜xα =
gxα
gxx
, B˜αβ = Bαβ − 2
gx[αBβ] x
gxx
,
Φ˜ = Φ− 1
2
ln gxx, (4.11)
where α and β run over all directions except x. Applying this transformation to expressions
(4.9) and (4.10), along the coordinate symmetry φ, one gets (14) of [6], namely
S
g = (M − J
2
4r2
)dt2 +
2
l
dt dφ+
1
r2
dφ2 + (
r2
l2
−M + J
2
4r2
)−1dr2, (4.12)
which, once diagonalized by means of a SL(2, R) coordinate transformation
t = − l√
r2+ − r2−
t˜ +
l√
r2+ − r2−
x˜,
φ =
r2+√
r2+ − r2−
t˜− r
2
−√
r2+ − r2−
x˜, (4.13)
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and the r–coordinate transformation
r2 = lr˜ (4.14)
yields the string solution derived in [2], see also Sec. IV. Dropping primes, it becomes
S
g = −(1 − M
r
)dt2 + (1− Q
2
M r )dx
2 + (1− M
r
)−1(1− Q
2
M r )
−1 l
2 dr2
4r2
,
Bxt =
Q
r
, φ = −1
2
ln (r l), (4.15)
whereM = r2+/l and Q = J/2.
The identification of the functions appearing in the action (1.1) and equations (1.16) with
the ones of [2],
S =
∫
d 3x
√−geφ
[
R− 2Λ + (∇Φ)2 − 1
12
H2
]
, Λ = −4/kHH , (4.16)
requires that φ = −2ΦHW , and kHH = 2 kHW , kHW = l2, Λ = −2/l2, where the subscripts
are in correspondence with the initial of the author’s family name.
V. CHAN–MANN STRING SOLUTION
Chan and Mann [4], see also [5], derived a class of solutions to dilaton minimally coupled
to 2 + 1 Einstein–Maxwell gravity. There is a subclass of solutions allowing an interpre-
tation from the viewpoint of the low energy 2 + 1 string theory for specific values of the
charged dilaton solution. First, we derive the dilaton solution. Next, assigning specific
values to constant characterizing the charged dilaton, the correspondence with the string
theory developed in the previous section is established.
A. Einstein–Maxwell–scalar field equations
The action considered in [4], CM (1), for a (2+1)-dimensional gravity is given by
S =
∫
d3x
√−g
[
R− B
2
∇µΨ∇µΨ+ 2 ebΨΛCM − e−4 aΨ F 2
]
, (5.1)
where ΛCM , b are arbitrary at this stage parameters, Ψ is the massless minimally coupled
scalar field, R is the scalar curvature, and F 2 = Fµν F
µν the electromagnetic invariant. The
variations of this action yield the dynamical equations
Rµν =
B
2
∇µΨ∇νΨ− 2gµνe bΨΛCM + 2 e−4 aΨ
(
Fµ
α Fνα − gµν F 2
)
,
B
2
∇µ∇µΨ+ b e bΨΛCM + 2 a e−4aΨ F 2 = 0,
∇µ (e−4 aΨ Fµ ν) = 0. (5.2)
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B. General static cyclic symmetric black hole solution coupled to a scalar field
Ψ(r) = k ln(r)
The static cyclic symmetric metric in the 2 + 1 Schwarzschild coordinate frame is given
by
g = −N(r)2dt2 + dr
2
L(r)2
+ r2dφ2. (5.3)
The electromagnetic field equations for the tensor field Fµν = 2Ftrδ
t
[µδ
r
ν], and the dilaton
Φ(r) = k ln(r) becomes
EQF =
d
dr
Ftr L r
−4a k+1
N
→ Ftr = QN
L
r4ak−1. (5.4)
The simplest Einstein equations occurs to be Rtt + Rrr L
2N2, which yields
1
N
d
dr
N − 1
L
d
dr
L− 1
2
Bk2
r
= 0, (5.5)
thus one gets
N(r) = CN L (r) r
B k2/2. (5.6)
On the other hand, the equation Rφφ gives a first order equation for Y (r) = L
2, namely
d
dr
Y (r) +
1
2
Bk2Y (r)
r
+ 2
r4 akQ2
r
− 2ΛCM rbk+1 = 0 (5.7)
integrating one obtains
L(r)2 = Y (r) = −4 r
4akQ2
Bk2 + 8 ak
+ 4
ΛCM r
2+bk
4 + Bk2 + 2bk
+ r−1/2Bk
2
C1 (5.8)
Substituting this expression of Y (r) into the remaining scalar field equation
d
dr
Y (r) +
1
2
Bk2Y (r)
r
− 8 r
4 ak aQ2
B k r
+ 2
bΛCM r
bk+1
Bk
= 0, (5.9)
one arrives at relationships between constants, namely
a = − 1
4B k
, b = −B k. (5.10)
Therefore, the general charged dilaton static solution can be given as
g
¯
= −CN 2 rB k2 L(r)2dt2 + dr
2
L(r)2
+ r2dφ2,
L(r)2 =
(
rB k
2/2C1 + 4
r2ΛCM
4−B k2 + 4
Q2
Bk2
)
r−B k
2
, k2 6= 4
B
,
Fµν = 2Ftrδ
t
[µδ
r
ν], Ftr = QCN r
−1/2Bk2−1 = −At,r → At = 2QCN
B k2
r−B k
2/2,
Ψ(r) = k ln(r), (5.11)
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endowed with four relevant parameters: in particular, one may identify the mass M = −C1 ,
cosmological constant ΛCM → ± 1l2 , dilaton parameter k, and the charge Q . The constant
CN can be absorbed by scaling the coordinate t, thus it can be equated to unit, CN → 1.
Moreover, one has to set the charge Q to zero, Q = 0, when looking for the limiting solutions
for vanishing dilaton k = 0, which are just the dS and AdS soutions with parameters
C1 = ±M respectively, and CN = 1. There is no static electrically charged limit of this
solution for vanishing dilaton field.
The constant ΛCM can be equated to minus the standard cosmological constant Λs = ± 1l2 ;
indeed, by setting in (5.11)
ΛCM = ± 1
l2
α2, r → rα2/(B k2), φ→ φα−2/(B k2),Q → Q α(1+2/(B k2)),
C1 → C1 α1+4/(B k2),CN → CN α−(1+2/(B k2)), (5.12)
one arrives at the metric (5.11) with ΛCM = ± 1l2 . Notice that the ΛCM used by in
Chan–Mann works, when considered as a cosmological constant, differs from the standard
cosmological constant Λs = ± 1l2 = −ΛCM , where + and − stand correspondingly for de
Sitter and Anti de Sitter (AdS) in Λs.
The string solution derived in [4], for B = 8, k = −1/2, a = 1, b = 4, which fulfills the
Einstein string equations (2.2) for Λ = Λs = ± 1l2 = −ΛCM , in the case of vanishing H , can
be given as
gE = −r2 L(r)2dt2 + dr
2
L(r)2
+ r2dφ2,
L(r)2 =
(
rC1 − 2 r2Λs + 2Q2
)
r−2,
Fµν = 2Ftrδ
t
[µδ
r
ν], Ftr =
Q
r2
= −At,r → At = Q
r
,
Ψ(r) = −1/2 ln(r). (5.13)
Under the conformal transformation
g˜µν = e
4Ψ(r)gµν =
1
r2
gµν (5.14)
it becomes
gS = −
(
rC1 − 2 r2Λs + 2Q2
)
r−2 dt2 +
dr2
(rC1 − 2 r2Λs + 2Q2) + dφ
2,
Fµν = 2Ftrδ
t
[µδ
r
ν], Ftr =
Q
r2
= −At,r → At = Q
r
,
Ψ(r) = −1/2 ln(r), (5.15)
this is a solution of the equations (2.5) of the 2 + 1 string theory.
Moreover, subjecting the metric (5.15) to SL(2, R) transformations of the Killing coor-
dinates
t = α τ + β θ, φ = γ τ + δ θ (5.16)
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one arrives at a rotating charged string solution, namely
gS = −
(
α2 L2/r2 − γ2) dτ 2 − 2 (αβ L2/r2 − γ δ) dθ dτ + (δ2 − β2 L2/r2) dθ2 + dr2L2 ,
Fµν = 2αFtrδ
τ
[µδ
r
ν] − 2β Ftrδθ[µδrν], Ftr :=
Q
r2
= −At,r → At = Q
r
,
Ψ(r) = −1/2 ln(r), L2 := rC1 − 2 r2Λs + 2Q2. (5.17)
In particular when ΛCM = 1/l
2, AdS branch, a usual choice of the SL(2, R) transformations
is given by
t =
τ√
1− ω2/l2 − ω
θ√
1− ω2/l2 , φ = −
ω
l2
τ√
1− ω2/l2 +
θ√
1− ω2/l2 , (5.18)
where ω stands for the rotation parameter. This metric can be written as
gS = −L
2
r2
1− ω2/l2
1− ω2L2/r2dτ
2 +
1− ω2L2/r2
1− ω2/l2
(
dθ − ω
l2
1− ω2/l2
1− ω2L2/r2 dτ
)2
+
dr2
L2 ,
(5.19)
and is endowed with four parameters: the mass M = −C1 , charge Q , rotation ω, and
cosmological constant Λs = ±1/l2.
It is worthy to point out that string solutions one can find in various dimensions, for
instance, the works [11] [12], and [13], among others.
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